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Sampling Distributions



Sampling Distributions

Sampling Distribution

A theoretical distribution of means or proportions, taken from an 
infinite number of independent random samples of size n

Sampling distributions of means and proportions are normal 
regardless of the shape of the distribution of the variable that 
produces the mean or proportion

Central Limit Theorem

If n is sufficiently large, then the sample means from many random 
samples from a population with mean m and variance s2 are 
approximately normally distributed with mean m and variance

nσ2



Proportions



Proportions

Call p the population proportion 

Call p-hat (  ) the sample proportion

If we generate many random sample of the same size, then 
the distribution of the several    will have a mean of p and 
variance of

σ2

n
=

σi=1
k Yi − p 2 pi

n
=
(0 − p)2p0 + (1 − p)2p1

n
= ... =

p(1 − p)

n
and standard deviation:

p(1−p)

n

p̂

p̂



Proportions

But what if I select only one random sample, with one    ? 

What is my best guess about p?  It is 

What is my best guess about the standard deviation of the 
sampling distribution of sample proportions,    ?

This is called the standard error of the sampling distribution 
of

n

)p̂(1p̂ −

p̂

p̂

p̂

p̂



You randomly sampled 500 Minnesotans and found that 
10% of them believe in UFOs. What is the probability that 
the population percentage of Minnesotans who believe in 
UFOs is between 9% and 11%?

Example



You randomly sampled 500 Minnesotans and found that 
10% of them believe in UFOs. What is the probability that 
the population percentage of Minnesotans who believe in 
UFOs is between 9% and 11%?

Example

Z for 9% =
ො𝑝−𝑝

𝑠𝑑𝑝
=

ො𝑝−𝑝

ෝ𝑝(1−ෝ𝑝)

𝑛

=
0.10−0.09

0.10(0.90)

500

=0.74

Z for 11% =
ො𝑝−𝑝

𝑠𝑑𝑝
=

ො𝑝−𝑝

ෝ𝑝(1−ෝ𝑝)

𝑛

=
0.10−0.11

0.10(0.90)

500

=-0.74



You randomly sampled 500 Minnesotans and found that 
10% of them believe in UFOs. What is the probability that 
the population percentage of Minnesotans who believe in 
UFOs is between 9% and 11%?

Example

P(−0.74 < Z <0.74)=0.7704-0.2296=0.5408
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You drew a random sample of 100 cats (because you 
wanted to have 100 cats on your farm) and observed that 
15% of them are very mean cats. What is the probability 
that in the population of cats, between 10% and 20% are 
very mean?

WORKSHEET



You drew a random sample of 100 cats (because you 
wanted to have 100 cats on your farm) and observed that 
15% of them are very mean cats. What is the probability 
that in the population of cats, between 10% and 20% are 
very mean?

WORKSHEET

Z for 10% =
ො𝑝−𝑝

𝑠𝑑𝑝
=

ො𝑝−𝑝

ෝ𝑝(1−ෝ𝑝)

𝑛

=
0.15−0.10

0.15(0.85)

100

=1.4

Z for 20% =
ො𝑝−𝑝

𝑠𝑑𝑝
=

ො𝑝−𝑝

ෝ𝑝(1−ෝ𝑝)

𝑛

=
0.15−0.20

0.15(0.85)

100

=-1.4



You drew a random sample of 100 cats (because you 
wanted to have 100 cats on your farm) and observed that 
15% of them are very mean cats. What is the probability 
that in the population of cats, between 10% and 20% are 
very mean?

WORKSHEET

P(−1.4 < Z <1.4)=0.9192-0.0808=0.8384
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Means



Means
The same sort of logic can be applied to the sampling 
distribution of sample means

In the population, the mean is m and the standard deviation is s

In any sample, the mean is and the standard deviation is s

From the central limit theorem, the sampling distribution of 
means is centered over m and has variance nσ2

x



Means

But what if I select only one random sample, with one    ? 

What is my best guess about m?  It is 

What is my best guess about the standard deviation of the 
sampling distribution of sample means,    ?

This is called the standard error of the sampling distribution 
of

x

x

x

ns2

x



You randomly selected 40 adult men from the population 
and observed their mean height to be 70 inches with a 
standard deviation of 5 inches. What is the probability that 
the mean height of men in the population is between 68 
and 72 inches?

Example



You randomly selected 40 adult men from the population 
and observed their mean height to be 70 inches with a 
standard deviation of 5 inches. What is the probability that 
the mean height of men in the population is between 68 
and 72 inches?

Example

Z for 68" =
ҧ𝑥−μ

𝑠𝑑
=

ҧ𝑥−μ

𝑠2

𝑛

=
70−68

52

40

=2.53

Z for 72" =
ҧ𝑥−μ

𝑠𝑑
=

ҧ𝑥−μ

𝑠2

𝑛

=
70−72

52

40

=-2.53



You randomly selected 40 adult men from the population 
and observed their mean height to be 70 inches with a 
standard deviation of 5 inches. What is the probability that 
the mean height of men in the population is between 68 
and 72 inches?

Example
D
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P(−2.53 < 𝑍 <2.53)=0.9943-0.0057=0.9886



t distribution

When n is large … say, more than 50 … sampling 
distributions of means follow the Z distribution

When n is smaller … say, less than 50 … sampling 
distributions of means follow t distributions, not Z 
distributions

There is a different t distribution for each value of n; each t 
distribution is defined by its degrees of freedom, df, where 
df equal n-1



t distribution

t scores are computed the same way as Z scores

ns

μ-Y
t

Y

Y=
ns

μ-Y
Z

Y

Y=



t distribution

When n is large, the t and the Z distributions are 
(approximately) the same and so the area under the curve 
within any given range of Z or t scores is the same

When n is small, use the t distribution with n-1 degrees of 
freedom

To be safe, in practice most people always use the t 
distribution for sampling distributions of means





You randomly selected 40 adult men from the population 
and observed their mean height to be 70 inches with a 
standard deviation of 5 inches. What is the probability that 
the mean height of men in the population is between 68 
and 72 inches?

Example

P(−2.53 < 𝑡39<2.53)= about 0.99
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You randomly selected 35 people and observed that they go 
to the bathroom an average of 4.5 times per day with a 
standard deviation of 1.0 times. What is the probability that 
the population mean number of times that people go to the 
bathroom per day is between 3.9 and 5.1?

WORKSHEET



You randomly selected 35 people and observed that they go 
to the bathroom an average of 4.5 times per day with a 
standard deviation of 1.0 times. What is the probability that 
the population mean number of times that people go to the 
bathroom per day is between 3.9 and 5.1?

WORKSHEET

t for 3.9 =
ҧ𝑥−μ

𝑠𝑑
=

ҧ𝑥−μ

𝑠2

𝑛

=
4.5−3.9

12

35

=3.55

t for 5.1 =
ҧ𝑥−μ

𝑠𝑑
=

ҧ𝑥−μ

𝑠2

𝑛

=
4.5−5.1

12

35

-3.55



You randomly selected 35 people and observed that they go 
to the bathroom an average of 4.5 times per day with a 
standard deviation of 1.0 times. What is the probability that 
the population mean number of times that people go to the 
bathroom per day is between 3.9 and 5.1?

WORKSHEET
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P(−3.55 < 𝑡34< 3.55)= between 0.01 and 0.02



1. Confidence Intervals

Based on the distribution of Y in sample data, we are confident 
that the distribution of Y in the population has particular qualities
(e.g., that its mean is within a certain range of values)

“With 95% certainty, I conclude based on my sample data that 
between 25% and 35% of everyone in the population has been 
arrested”

Why is this Useful?



2. Hypothesis Tests

Based on the distribution of Y in the sample data, we can evaluate 
the likely truth of theoretically-informed hypotheses about the 
distribution of Y in the population (e.g., that the mean of X is above some 

value)

“With 95% certainty, I reject the claim that fewer than 20% of 
everyone in the population has ever been arrested”

Why is this Useful?


