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Sampling Distributions
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Note: These are sampling distributions … distributions of sample means and 

percentages… not distributions of GPA or whether people are sociology majors
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Note: These are sampling distributions … distributions of sample means and 

percentages… not distributions of GPA or whether people are sociology majors
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Note: These are sampling distributions … distributions of sample means and 

percentages… not distributions of GPA or whether people are sociology majors
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Note: These are sampling distributions … distributions of sample means and 

percentages… not distributions of GPA or whether people are sociology majors
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Note: These are sampling distributions … distributions of sample means and 

percentages… not distributions of GPA or whether people are sociology majors
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Note: These are sampling distributions … distributions of sample means and 

percentages… not distributions of GPA or whether people are sociology majors
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Note: These are sampling distributions … distributions of sample means and 

percentages… not distributions of GPA or whether people are sociology majors



Sampling Distributions

Sampling Distribution

A theoretical distribution of means or proportions, taken from an 
infinite number of independent random samples of size n

Sampling distributions of means and proportions are normal 
regardless of the shape of the distribution of the variable that 
produces the mean or proportion

Central Limit Theorem

If n is sufficiently large, then the sample means from many random 
samples from a population with mean m and variance s2 are 
approximately normally distributed with mean m and variance

nσ2
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From the 1880 Census, the population distributions of…

“Born in the United States?” 

“Number of People in the Household”

Number of People 

in the Household

Born in the US? 

(0=No, 1=Yes)

True Population 

Proportion p = 0.8668

True Population 

Mean m = 5.31

Sampling Distributions



1. I sampled 100 people, and computed…

… the sample proportion born in the U.S. (  )

… the sample mean number of people in the household (  )

2. I repeated that exercise 999 more times

On the next slides are the distributions of those 1,000 
sample proportions (   ) and sample means (   ); all 1,000 
samples have n=100

p̂ x

Sampling Distributions

p̂

x



Number of People in the Household

1,000 Sample means, each w/ n=100

Mean of 1,000 

Sample Means: 5.30

True Population 

Mean: 5.31

Sampling Distributions



Number of People in the Household

Distribution of # of People Sampling Distribution

Sampling Distributions



Proportion of People Born in the US

1,000 Sample proportions, each w/ n=100

Mean of 1,000 Sample 

Proportions: 0.8676

True Population 

Proportion: 0.8668

Sampling Distributions



Born in the United States?

Distribution of Birthplace Sampling Distribution

Sampling Distributions



Sampling Distribution for Mean GPA

m = 3.0     s = 0.2
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You select one sample of 
n=10 college students

What is the probability that 
your sample mean GPA (   ) 
is greater than 3.5?

x

Sampling Distributions



Sampling Distribution for Mean GPA

m = 3.0     s = 0.2
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You select one sample of 
n=10 college students

What is the probability that 
your sample mean GPA (   ) 
is greater than 3.5?

x

Sampling Distributions

P ത𝑋 > 3.5 = P 𝑍 > 2.5

= 0.0062
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Worksheet

You select one sample of 
n=10 college students

What is the probability that 
your sample mean GPA (   ) 
differs from the population 
mean by more than ±0.4?

x

Sampling Distribution for Mean GPA

m = 3.0     s = 0.2
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Sampling Distributions

We are 95% certain that a 
randomly selected sample 
mean (   ) will fall within +/-
1.96 standard deviations (s) 
of the true population 
mean (m)

x

Sampling Distribution for Means
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Sampling Distributions

So…

For one observed sample 
mean (   ), we are 95% 
certain that the true 
population mean (m) falls 
within +/- 1.96 standard 
deviations (s) of  

x

x

Sampling Distribution for Means



Sampling Distributions

So…

For one observed sample 
proportion (   ), we are 95% 
certain that the true 
population proportion (p) 
falls within +/- 1.96 
standard deviations (s) of  
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Sampling Distributions

Knowing what we know about…

sampling,

Z scores,

random variables, and

sampling distributions…

…we can make inferences about population means (m) and 
proportions (p) using sample means (  ) and proportions (   )p̂x



Proportions



Proportions

Call p the population proportion 

Call p-hat (  ) the sample proportion

Under conditions described below, if we generate many 
random sample of the same size, then the distribution of 
the several p-hats will have a mean of p and variance of
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Proportions

To make inferences about a population proportion based on 
sample data, the following things have to be true:

1. There is a population with a fixed proportion who have a 
certain attribute

2. The sample is randomly selected

3. The size of the sample, n, is large … generally, such that both 
np and n(1-p) equal at least 5 … so how big “relatively large” is 
depends in part on the population proportion being estimated
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Proportions

1. There is a population with a fixed proportion who have a 
certain attribute

2. The sample is randomly selected

3. p equals about 0.10, so np=(50)(0.10)=5

and n(1-p)=(50)(0.9)=45



Proportions

If you have many     , their distribution will be centered over 
p and will have standard deviation

In our example, the center 

is 0.10 and the standard 

deviation is
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Proportions

But what if I select only one random sample, with one    ? 

What is my best guess about p?  It is 

What is my best guess about the standard deviation of the 
sampling distribution of sample proportions,    ?

This is called the standard error of the sampling distribution 
of

n

)p̂(1p̂ −

p̂

p̂

p̂

p̂



I selected one random sample of 487 likely voters in 
Minnesota and got a sample proportion    of 0.52 who will

vote for Kanye West.  

What is the probability that my single     differs from the 
population proportion p by more than 0.05?

p̂

p̂

Proportions



I selected one random sample of 487 likely voters in 
Minnesota and got a sample proportion    of 0.52 who will

vote for Kanye West.  

What is the probability that my single     differs from the 
population proportion p by more than 0.05?

The standard error of the sampling distribution of     for our 
example is:

p̂

p̂

Proportions

ොp(1 − ොp)

n
=

0.52(1 − 0.52)

487
= 0.023

ොp



I selected one random sample of 487 likely voters in 
Minnesota and got a sample proportion    of 0.52 who will

vote for Kanye West.  

What is the probability that my single     differs from the 
population proportion p by more than 0.05?

Thus the sampling distribution of     for our example has an 
expected mean of 0.52 and a standard error of 0.023:

p̂

p̂

Proportions

ොp



I selected one random sample of 487 likely voters in 
Minnesota and got a sample proportion    of 0.52 who will

vote for Kanye West.  

What is the probability that my single     differs from the 
population proportion p by more than 0.05?

The probability of a difference from p of 0.05 or more is the 
same as the probability of getting a Z score that differs from 
0 by 0.05/0.023 = 2.174 standard errors

p̂

p̂

Proportions
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I selected one random sample of 487 likely voters in 
Minnesota and got a sample proportion    of 0.52 who will

vote for Kanye West.  

What is the probability that my single     differs from the 
population proportion p by more than 0.05?

The probability that our single sample proportion differs 
from the population proportion by 0.05 or more is 

P(Z>2.174) + P(Z<-2.174) = 0.015 + 0.015 = 0.03

p̂

p̂

Proportions



I selected one random sample of 200 people and got a 
sample proportion    of 0.4.  

What is the probability that my     differs from p by more 
than 0.035?

p̂

p̂

Worksheet



Means



Means
The same sort of logic can be applied to the sampling 
distribution of sample means

In the population, the mean is m and the standard deviation is s

In any sample, the mean is     and the standard deviation is s

From the central limit theorem, the sampling distribution of 
means is centered over m and has variance nσ2

x



Means
For our 100,000 sample means of GPA … each based on a 
random sample of n=10 college students … the mean value is 3.0 
with a standard deviation of 0.2
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Means

But what if I select only one random sample, with one    ? 

What is my best guess about m?  It is 

What is my best guess about the standard deviation of the 
sampling distribution of sample means,    ?

This is called the standard error of the sampling distribution 
of

x

x

x

ns2

x



I selected one random sample of 500 people and got a 
sample mean    of 180 with a standard deviation, s, of 30

What is the probability that my     differs from m by more 
than 2?

x

Means

x



I selected one random sample of 500 people and got a 
sample mean    of 180 with a standard deviation, s, of 30

What is the probability that my     differs from m by more 
than 2?

The standard error of the sampling distribution of     for our 
example is:

x

Means

x

ǉx

Τs2 n =

302 /500 =
1.342
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I selected one random sample of 500 people and got a 
sample mean    of 180 with a standard deviation, s, of 30

What is the probability that my     differs from m by more 
than 2?

The probability that our single sample mean differs from 
the population mean by 2 or more is 

P(Z>1.342) + P(Z<-1.342) = 0.0901 + 0.0901 = 0.1802

x

Means

x



I selected one random sample of 1,000 people and got a 
sample mean    of 200 with a standard deviation, s, of 50  

What is the probability that my     differs from m by more 
than 3?

x

Worksheet

x



t distribution

When n is large … say, more than 50 … sampling 
distributions of means follow the Z distribution

When n is smaller … say, less than 50 … sampling 
distributions of means follow t distributions, not Z 
distributions

There is a different t distribution for each value of n; each t 
distribution is defined by its degrees of freedom, df, where 
df equal n-1



t distribution

t scores are computed the same way as Z scores
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t distribution

When n is large, the t and the Z distributions are 
(approximately) the same and so the area under the curve 
within any given range of Z or t scores is the same

When n is small, use the t distribution with n-1 degrees of 
freedom

To be safe, in practice most people always use the t 
distribution for sampling distributions of means





I selected one random sample of 20 people and got a 
sample mean    of 200 with a standard deviation, s, of 50  

What is the probability that my     differs from m by more 
than 18?

x

Worksheet

x



1. Confidence Intervals

Based on the distribution of Y in sample data, we are confident 
that the distribution of Y in the population has particular qualities 
(e.g., that its mean is within a certain range of values)

“With 95% certainty, I conclude based on my sample data that 
between 25% and 35% of everyone in the population has been 
arrested”

Why is this Useful?



2. Hypothesis Tests

Based on the distribution of Y in the sample data, we can evaluate 
the likely truth of theoretically-informed hypotheses about the 
distribution of Y in the population (e.g., that the mean of X is above some 

value)

“With 95% certainty, I reject the claim that fewer than 20% of 
everyone in the population has ever been arrested”

Why is this Useful?



Want More?

Parts A through E of David Lane’s book

http://onlinestatbook.com/2/sampling_distributions/sampling_dist
ributions.html

Chapter 6 of Lowry’s book

http://vassarstats.net/textbook/

This section of Jerry Dallal’s book

http://www.jerrydallal.com/LHSP/meandist.htm

Stat Trek’s discussion

http://stattrek.com/sampling/sampling-distribution.aspx

http://onlinestatbook.com/2/sampling_distributions/sampling_distributions.html
http://vassarstats.net/textbook/
http://www.jerrydallal.com/LHSP/meandist.htm
http://stattrek.com/sampling/sampling-distribution.aspx

