SOC 3811/5811:
BASIC SOCIAL STATISTICS

Continuous Random Variables



Random Variables

Discrete Random Variable
Can only equal a finite number of distinct values

Example: When you flip a coin 3 times, you can only get four
possible values ... the whole numbers 0 through 3

Continuous Random Variable
Can take any numeric value within a range of values

Example: The number of miles from campus students live can take
on just about any value (0.12, 1.17, 2.00, etc.)

Note: Discrete random variables with lots of values (e.g., number of Facebook
friends) are often treated as continuous; continuous variables that are rounded
(e.g., age) may seem discrete



Random Variables

Today

We know the actual probabilities associated with the random
event that generates the theoretical distribution (e.g., coin flips)

We will learn to describe and make practical use of these
theoretical distributions

Later (and in Life)

We do not know the actual probabilities associated with the
random event (e.g., number of children per person, which candidate will win)

Our ability to describe and make practical use of theoretical
distributions will allow us to infer those probabilities



Continuous Random Variables

For discrete random variables we began by computing the
probability of observing each possible outcome

We can’t do this for continuous random variables because
there are (by definition) an infinite number of possible
outcomes

Instead of determining the probability that Y equals
particular values and specifying a probability distribution
function, we determine the probability that Y falls within a
certain range of the probability density function




Continuous Random Variables

For the discrete random variable Y, the probability
distribution function reports the probability of observing
each possible value of Y

For a continuous random variable, the probability density
function is a curve that provides information about the
probability that Y falls between two values a and b

P(a <Y <Db)is the area under the curve over the interval
between the valuesaand b



Continuous Random Variables
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“The probability that Y
equals 1is 0.2916”

4

Probability Density
Function
Years from Birth
until Death

o
=
J

Probability

o
o

Years

Example: P(20<Y<40) = 0.40

“The probability that you live between
20 and 40 years is 0.40”



Continuous Random Variables
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Continuous Random Variables

As before, these are theoretical distributions ... distributions
of Y if we were to sample from the population an infinite
number of times

As with all distributions, we can describe distributions with
respect to their central tendency and amount of variability



Normal Random Variables

Just as a binomial random variables is a special (and very
common) kind of discrete random variable, a normal

random variables is a special (and very common) kind of
continuous random variable




Normal Random Variables

Height in Inches Body Mass Index
Women Age 18-45 in 2013 Men Age 18-45 in 2013

57 59 61 63 65 67 69 71 17 22 27 32 37 42 48
Time in Hours to Finish Inches of Snow
Women, 2013 Minneapolis Marathon Minneapolis, 1884-2014

31 3.6 41 46 50 55 6.0



Normal Random Variables

Any normal random variable Y is symmetric and can be
characterized by its mean ., and standard deviation o,

(Y-Y)

Sy

Remember Z scores? Z=

For any normally distributed random variable, u=0 and c=1:
~68% of cases fall within the range -1Z and +1Z
~95% of cases fall within the range -2Z and +2Z
~99.7% of cases fall within the range -3Z and +3Z
100% of cases fall within the range -00Z and + «oZ



Normal Random Variables
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Normal Random Variables
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Density
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Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5
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62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is more than 75” tall?
Z = (Y—u,)/ oy, = (75-70)/2.5 = 2
P(Z<2) =0.975 and so P(Z>2) =1-0.975=0.025



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

0.1% 2.4% | 13.5% |/34% | 34%\| 13.5% | 2.4% | 0.1%

Density

62.5 65.0 67.5 70.0 72.5 75.0 77.5
-30 -20 -lo 7, +1c +20 +30
What proportion of men is more than 75” tall?
Z=(Y-,)/ o, = (75-70)/2.5=2
P(Z<2) =0.975 and so P(Z>2) =1-0.975=0.025



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

0.1% 2.4% | 13.5% |/34% | 34%\| 13.5% | 2.4% | 0.1%

Density

62.5 65.0 67.5 70.0 72.5 75.0 77.5
-30 -20 -lo 7, +1c +20 +30
What proportion of men is between 67.5” and 75” tall?
Z,.=(75-70)/2.5=2;Z,.=(67.5-70)/2.5 = -1
P(67.5”<Z < 75”) = P(Z<2) — P(Z<-1) = 0.975 — 0.160 = 0.815



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

| | | | | | |
62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is shorter than 68”?



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is shorter than 68”?
68” corresponds to a Z Score of (68-70)/2.5 =-0.8
Area to the left of -0.8 = P(Z<-0.8) =0.212 ... 50 21.2%



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

| | | | | | |
62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is between 66" and 74”?



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

| | | | | | |
62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30
What proportion of men is between 66" and 74”?

66” corresponds to a Z Score of (66-70)/2.5 =-1.6
74" corresponds to a Z Score of (74-70)/2.5=1.6



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

|
62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is between 66" and 74”?
Area to the left of -1.6 = P(Z<-1.6) = 0.055
Area to the left of 1.6 = P(Z<1.6) = 0.945



Normal Random Variables

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

|
62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is between 66" and 74”?
Thus, P(-1.6<Z<1.6) = 0.945 - 0.055 =0.89 ... or 89%



Worksheet

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

| | | | | | |
62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is taller than me (69.5”)?



Worksheet

Men’s height in inches in the United States is normally
distributed with £=70 and 0=2.5

Density

| | | | | | |
62.5 65.0 67.5 70.0 72.5 75.0 77.5

-30 -20 -lo 7, +1c +20 +30

What proportion of men is between 66” and 71" tall?



Worksheet

The distributions of times for 19-34 year men and women
to complete a half marathon are (more or less) normal

Men: .. (in minutes) is 125 with o, of 25
Women: p,.... is 140 with c,,,. of 23

What proportion of women finish half marathons ahead of
the average man?



(Change of Topic)



Combinations of Random Variables

It is often useful to combine (e, addorsubtracy random variables

Example: Time to commute to and from work

The time that it takes to drive to work is a normal random variable
Yo, With 1;5=30 minutes and c;,=10

The time that it takes to drive home from work is also a normal
random variable Y pom, With terou=25 and Grpop=15

What is the distribution of total commute time?

What is the distribution of the difference between
commutes to and from work?




Combinations of Random Variables

In general, for two random variables Y and Z:

MeanofY+Z=p,,, =, + L,
and

MeanofY-Z=p,, =y - LU,

(Note: These rules are true for discrete or continuous
random variables, and are true whether or not the variables
are independent)



Combinations of Random Variables

For two independent random variables Y and Z:

Variance of Y+ Z = ¢%,,, = 0%, + 0%

and

Variance of Y-Z= 0%, = 0, + 0%,

(Note: These rules for combinations of variance only hold

for independent random variables, but they work for
discrete or continuous variables.)




Combinations of Random Variables

Example: Time to commute to and from work

The time that it takes to drive to work is a normal random variable
Yo, With 1;5=30 minutes and c;,=10

The time that it takes to drive home from work is also a normal
random variable Y pom, With terop=25 and Gppop=15

What is the distribution of total commute time?

Mrosrrom = Mro + Herom = 30 + 25 = 55 minutes
O°TosirRoM = O 10 + O%grom = 107 + 152 = 325



Combinations of Random Variables

Example: Time to commute to and from work

The time that it takes to drive to work is a normal random variable
Yo, With 1;5=30 minutes and c;,=10

The time that it takes to drive home from work is also a normal
random variable Y pom, With terop=25 and Gppop=15

What is the distribution of the difference between
commutes to and from work?

Mro-rrom = Mo = Merom = 30 - 25 = 5 minutes
C’ro-from = 010 + Oppom = 107 +15% =325



Worksheet

The distributions of times for 19-34 year men and women
to complete a half marathon are (more or less) normal

Men: .. (in minutes) is 125 with o, of 25
Women: p,.... is 140 with c,,,. of 23

What is the distribution of the difference between men’s
and women’s race times?
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Random Variables

Today

We know the actual probabilities associated with the random
event that generates the theoretical distribution (e.g., coin flips)

We will learn to describe and make practical use of these
theoretical distributions

Later (and in Life)

We do not know the actual probabilities associated with the
random event (e.g., number of children per person, which candidate will win)

Our ability to describe and make practical use of theoretical
distributions will allow us to infer those probabilities



Reality Data Knowledge
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Want More?

This is a good reading:
http://www.stat.cmmu.edu/~cshalizi/36-220/lecture-7.pdf

David Lane’s Book

http://onlinestatbook.com/2/normal distribution/normal dist
ribution.html

Gerard Dallal’s Book
http://www.jerrydallal.com/LHSP/normal.htm



http://www.stat.cmu.edu/~cshalizi/36-220/lecture-7.pdf
http://onlinestatbook.com/2/probability/probability.html
http://www.jerrydallal.com/LHSP/normal.htm

